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ABSTRACT 
Let G be a group of order u, and f(x) be a nonzero integral polynomial. A 
(u, k, f( x))-polynomial addition set in G is a subset D of G with k distinct elements 
such that f(& E &) = XX, E G g for some integer X. We discuss the multipliers of 
polynomial addition sets. The structure of some polynomial addition sets is studied, 
and in particular, we give a complete characterization of the case where G is cyclic 
and f(x) is irreducible. 
1. DEFINITION 
Let G be a group of order v, and f(x)= a,x” + alx”-l + . . . + a, be a 
nonzero integral polynomial. A subset D of G is callId a (v, k, f(x))-poZy- 
nomial addition-set in G if ID( = k and f(D)= aOnn + ali?“-’ 
+ . . . + a,e = AG for some integer h, where e is the identity element in G 
and D=C dcod, c=C,,cg are elements of the group ring Z[G]. 
Given any homomorphism or antihomomorphism p: G + G,, we define, 
for DcG, 
DO= {p(d):dED} CC,. 
In particular, let inv: G + G be the antiautomorphism which maps g to g- ‘; 
then Din”= {d-‘:dgD}. Also, for z=C,,.a,gER[G] (where R is a 
ring; usually R = Z or C), we denote 
P(Z)= C agk4g)ER[G1. 
gcG 
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Let N be a normal subgroup of G, and 11: G + G/N be the natural 
epimorphism. An automorphism or antiautomorphism r : G/N -+ G/N is 
called a G/N-multiplier of a subset D of G if 
where D = C d E ,d E E[G]. In particular, if N = {e} then r is a G/N-multi- 
plier (or simply Gmultiplier) of D if and only if D’ = D. However, one must 
notice that this definition of multiplier is different from those given in [3], [6], 
and [7]. 
Multipliers themselves are rather interesting. In Section 3, we shall discuss 
them in detail. In Section 4, the structure of some polynomial addition sets 
will be studied with the help of multipliers. The next section introduces an 
important tool for the study of polynomial addition sets. 
2. FOURIER TRANSFORM FOR AN ABELIAN GROUP 
Let G be an abelian group of order v. By a symmetric table for G, we 
mean a function A: G X G + i! m (the cyclic group whose order is the 
exponent of G) with 
(i) A(g, h) = A(h, g); 
(ii) A(g, hi)+ A(g, ns) = A(g, h,h,); and 
(iii) A(g,h)=Oforallhifandonlyifg=e. 
Let { be a primitive mth root of unity. Given z = Cg,ca,g E C[G] and 
h E G, d:fine xh:C[G] -+ C by 
as a character on G. Also, denote 
I= c x,wg 
gcG 
as the Fourier transfm of z. Note that 
1$ = inv( 2) 
IGI 
(2.11 
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and hence the set {x,(z) : g E G } can be used to characterize Z. (See [l] and 
L41.1 
PROPOSITION 2.1. Suppose D is a subset of an abelian group G. With 
v = ICI, D is a (v, k, f(x))-polyrwmial addition set if and only if 
(i) x,(D) = k and 
(ii) f(x,(n))=O foraZZgEG\{e}. 
3. MULTIPLIERS 
Let G be a group of order v, N be a normal subgroup of G, and 
17 : G + G/N be the natural epimorphism. Given a (v, k, f(x))-polynomial 
addition set D in G, put w = /G/N]. We have 
f(@)) = A2 G/N 
where D=C,,,d l h[G] and G/N=C,,.,,~EZ[G/N]. Hence, if 
G/N is abelian, then 
f(Xh o 0)) = 0 
for any character xh on G/N with h # e ‘, the identity in G/N. 
In the following, we shall denote by r1 : G/N -+ G/N the function which 
maps h to h’ for all h in G/N. If G/N is abelian and 1 is relatively prime to 
v, then T, is an automorphism of G. Furthermore, define G’ to be the derived 
subgroup of G, that is, G’ is the normal subgroup generated by all commuta- 
tors of G. It is known that G/G’ is abelian and G’ is contained in every 
normal subgroup N such that G/N is abelian. 
THEOREM 3.1. Let D be a (v, k, f(x))-polynomial addition set in G. Zf 
f(x) = fi( x) - * . f,(x), where the A( x)‘s are irreducible polynomial of degree 
di respectively, then for d = maxd,!, r,d: G/G’-+ G/G’ is a G/G’-multi- 
plier of D for 1 relatively prime to w = IG/G’(. 
Proof. Let q: G + G/G’ be the natural epimorphism and z = n(D). By 
(2.1), for 2 relatively prime to w, it suffices to show that 
xh o Tld(Z) =xhtZ) (3.1) 
for all characters xh on G/G’. 
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Itistrivialforh=e’,theidentityinG/G’.If h#e’,then~~(z)EQ({,) 
is a root of x(x) for some i, where m is the exponent of G/G’. Let u be an 
element in the Galois group Gal(Q(c,)/Q) which maps 1, to {L. We have 
Since J(X) is irreducible, if y is a root of A(X) then ay must be a root of 
A(x). Hence, we find that there is some j, 0 < j 5 di, such that 
and 
X,, ’ Tlir( z) = .jt ’ Xh( +‘&( 2) 
for all t. Thus (3.1) follows, since j I di! while di! I d. .m 
In particular, if G’ = { e } and f(x) splits in Q, then we have the 
following corollary. 
COROLLARY 3.2. D is a (v, k, f(x))-polynomial addition set in an abelian 
group G for some f(x) splits in Q if and only if 
{d’:dEDand(Z,v)=l}=D. 
Proof. The necessity is only a simple consequence of Theorem 3.1. For 
sufficiency, put f(x) = IIp E G [x-x,(o)]. It i5 obvious that D is a 
(v, k, f( x))-polynomial addition set. Moreover, x&D) E Q because r&Is) = D 
for all 1 relatively prime to 0. n 
The above result has already appeared elsewhere, for example, in [2]. 
THEOREM 3.3. L.et D be a (v, k, f(x))-polynomial addition set in G. 
Suppose there is a rwrrnal subgroup N of G such that G/N is abelian and 
w = JG/NI = 2, 4, p’, or 2p’ for an odd prime p. Zf f(x)= fi(x). . . L(x), 
where the x(x)‘s are irreducible polyrwmiuls of degree d i respectively, then 
for d =lcm{d,,...,d,}, r,d : G/N -+ G/N is a G/N-multiplier of D for 1 
relatively prime to w. 
Proof. Let TJ : G + G/N be the natural epimorphism and z = n(B). Let 
m be the exponent of G/N. Certainly, m = 2, 4, pj, or 2pj for some j. Let 
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I E Z be a primitive root modulo m. It suffices to show that rrd is a 
G/N-multiplier of D. 
Suppose u E Gal(Q({,)/O), which maps c, to Sk. We know that (a), 
the group generated by (I, is exactly equal to Gal(Q({,)/Q). With this fact, 
we are going to show that if, for a character xh on G/N, xh( Z) is a root of 
x(x), then x,, Q r&z) = ~~(2) for all that t. So rld must be a G/N-multi- 
plier, since di I d for all i. 
However, if ~~(2) is a root of x(x), then { 6 0 ~~(2): 6 E Gal(Q({,)/Q)} 
is the set of all roots of J(x). From (u) = Gal(Q&)/Q), it is obvious that 
fJds oXhw = Xh(4 
and hence 
Xh 0 Tp,t( 2) = udlt 0 x/J 2) = Xh( 2) 
for all t. 
4. STRUCTURE OF SOME POLYNOMIAL ADDITION SETS 
In this section, we shall study the structure of some polynomial addition 
sets by using the technique of multipliers. The case of an irreducible poly- 
nomial will be our main target, and a complete characterization of 
(0, k, f(x))-polynomial addition sets in cyclic groups with f(x) being irre- 
ducible will be given. 
THEOREM 4.1. Let D be a (v, k, f(x))-polyrwmial addition set in G. 
Suppose f(x) = fi(x) . + . A(x), where the f,(x)‘s are irreducible polynomials 
of degree d i respectively. If di 2 2 for all i, then w = JG/G’J has rw more 
than s prime factors. Furthermore, for each prime divisor p of w, there is a d i 
suchthutp=lmoddi. 
Proof. Let p,, p, be prime divisors of w and N,, Ns be normal sub- 
groups of G such that G/N, is abelian and JG/N,l = pi for each i. Put 
zi = rli(B), where vi: G 4 G/N, is the natural epimorphism. Let hi be any 
nonidentity elements in G/N,. Then, for a character x f’ on G/N,, we see 
t-hat Xf:Czi) E W,,> must be a root of x,(x) for some ri. If ri = rs = r, then 
by the fact that f,(x) is irreducible, f,(x) must split in both Q(S,,) and 
236 S. L. MA 
Q(&) and hence in Q(&,)nQ($,2). But degf, > 2, so the only possible 
solution is pi = p,. Thus we have a natural smjective mapping from irreduci- 
ble factors of f(x) to prime divisors of w. It follows that the number of prime 
factors of w cannot exceed s. 
Use the same p, as above; let 1 E E be a primitive root modulo p,, and 
(I E Gal(Q([,,)/Q) which maps lP1 to CL,. Then, similarly to the proof of 
Theorem3.3, weknow that {ajox~~(z,):j=O,...,p,-1) is the set of all 
roots of f,(x). It is then obvious that p, E 1 mod d, ( = deg f,). n 
As as consequence of Theorems 3.3 and 4.1, we have the following 
corollary. 
COROLLARY 4.2. Let f(x) be an irreducible polynomial of degree > 2. Zf 
D is a (v, k, f(x))-poZyrwmiaZ addition set in G, then w = IG/G’l= pt for 
some odd prime p = 1 rrwd n, and r,.: G/G’+ G/G’ is a G/G’-multiplier 
of D fo7 1 relutively prime to w. 
Now, we restrict ourselves to polynomial addition sets in a cyclic group. 
THEOREM 4.3. Let f(x) be an irreducible polynomial of degree n >, 2. lf 
D is a (v, k, f( x)>polynomial addition set in a cyclic group G of order v, 
then v = nc + 1 is an odd prime and D must be of the form Ci,U. . . UCil or 
{e}UCilU.- *UCi, for Ci= {ga”‘+‘:j=O,...,c-l}, where g is a generator 
of G and a E Z is a primitive root mod& v. 
Proof. By Corollary 4.2, we learn that v = pf for some odd prime 
p=nc+l and {d’“:d E D } = D for all I relatively prime to p. It is known 
that, for an odd prime p and (d, p) = 1, r” = d mod pS is solvable if and 
only if X” = d mod p is solvable (see [5, p. 461). Hence there are a$“), 
b E {O,l} such that 
where g is a generator of G and Ri={o”j+i:j=O,...,~-l}, with cx a 
primitive root modulo p. Our theorem follows if we can show t = 1. 
From (4.1), we have 
(4.2) 
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n-l 
= c .i Yl p ‘-V)- j=l ~~:[Ps-l(~)~la~s)]-h). 
where yj = 1, E k,S,W with 5, = @-“‘(g*g) a primitive pth root of unity. Since 
x,,,(n) and x+(D) are zeros of the same irreducible polynomial f(x) which 
splits in Q({,), there is a u E Gal(Q(l,)/Q) such that ax,JD) = xh,(B). 
Hence for each a:), there is an a?) such that 
r-1 
&’ = p 
I 
r-l,(r) - 
m c 
s=l 
and 
(4.3) 
Hence, solving (4.2) and (4.4) we have 
n(k - b) 2 up= p’_l 
i=l 
for 1 Q r d t, and we learn from (4.3) that for each a’,), there is an uj!) such 
that 
(4.53 
Since f(x) is an irreducible polynomial of degree n > 2, we have DU{ e ) + 
{ e }, which implies that k > b and DU{ e } # G, which implies that them is 
some a!‘)= 0. By the fact that C~~=lu~t)=~~~‘=,u~s) and a{‘), uiS)~ (o,l}, we 
have at least one a:) = 0. Hence (4.5) can be satisfied only if t = 1. L 
Let u be a prime and G be a cyclic group of order u. Given any sub~+~ D 
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with JDJ = k. As the converse of Theorem 4.3, it is interesting to learn that 
there exists an irreducible polynomial f(x), 1~ degf < 0 - 1, such that D is 
a (0, k, f(x))-polynomial addition set in G. In fact, if we define %’ = 
{&i(o): i = l,..., u - l}, where g is the generator of G and the xgn ‘s are 
charactersonG,then f(x)=J’J,,&x--y). 
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